A band structure of one-dimensional periodic media having an arbitrary inhomogeneous refractive index profile is extracted based on the modification committed on the differential-transfer-matrix method (DTMM). Furthermore, the most recently modified differential transfer matrix is improved by reshaping the formulation in terms of which the electromagnetic fields are expanded and closed form formulas, providing the allowed values of Bloch wavenumbers, which were not available before. Although the frequency gaps in previously published results that we derived by using the conventional DTMM were not in agreement with the well-known Bragg law at the edge of each Brillouin zone, the new results obtained by the proposed method are now matched with the Bragg condition. The final results are also justified by either employing conventional transfer-matrix method or comparing it with exact analytical solutions, wherever such exact solutions were available.
INTRODUCTION
During the past decade, there has been a growing interest in the determination of the dispersion curves for electromagnetic waves propagating in periodic dielectric structures, due mainly to the possibility of devising novel photonic devices. Electromagnetic-band-structure extraction and electromagnetic-wave-propagation formulation have been the major objectives for which different methods have been introduced.
Concerning the special case of one-dimensional structures composed of a layered stack of dielectrics, Yeh 1 and Yariv 2 have employed an easy matrix approach for investigating light propagation in which particular attention was paid to the special case of two alternating isotropic dielectrics. Similar results have also been reported for studying the dispersion of electromagnetic waves, although the results are limited to the special case of only two alternating dielectric layers, each having a uniform refractive index profile. 3, 4 Mansuripour 5 and Abdulhalim 6 have discussed the extension of this matrix formalism for anisotropic and magneto-optic stratified layers. The same approach has also been applied in analysis of periodic 7 and quasi-periodic 8 structures. All of these matrix approaches are usually referred to as transfer-matrix methods, where the cosine of the Bloch wavenumber is equal to the half of the trace of the transfer matrix corresponding to one unit cell of the whole structure. 9 In another report, it is shown that infinite and semiinfinite one-dimensional photonic crystals have the same band structure, whereas surface states exist only in semiinfinite photonic crystals. 10 A one-dimensional photonic crystal of finite dimensions has also been studied by using the finite-difference time-domain method. 11, 12 The more general case of photonic crystals with an arbitrary number of homogeneous layers and refractive indices in one period has also been considered, and the universal curve for the location of their corresponding bandgaps has been found. 10 Lately, Kronig-Penney photonic crystals composed of conducting interfaces have been studied, 13 and the dual properties of these electronic crystals have been shown 14 ; consequently, new types of band structures supported by these photonic crystals have been found. 15 Moreover, the phase-shift method originated for the analysis of potential-scattering problems in atomic and nuclear physics in the 1930s has been applied to analysis of wave propagation in one-dimensional inhomogeneous media. 16 Such structures are also analyzed by expanding electromagnetic fields in terms of Legndre polynomials. 17 More recently, a new approach for the exact calculation of band structure in one-dimensional periodic media based on the differential-transfer-matrix method (DTMM) has been given, [18] [19] [20] although the places of reported frequency gaps have not corresponded with the well-known Bragg condition at the edge of each Brillouin zone. Here, the already-employed DTMM has been modified, and the extracted band structures of one-dimensional photonic crystals have been corrected to be in harmony with the Bragg condition. Furthermore, the most recently modified differential-transfer matrix is improved by reshaping the formulation in terms of which the electromagnetic fields are expanded and closed-form formulas, giving the allowed values of Bloch wavenumbers, which were not available before, are now given. It has been also shown that the presented approach has the benefit of greater accuracy, especially in group-velocity calculations. Because this approach can be extended to higher dimensions, it may also find some applications in diffractive optics.
The structure of this manuscript is as follows. In Section 2, the basics of our modified differential-transfer matrix are introduced and physically explained for both TE and TM polarizations, the overall transfer matrix is derived, and a dispersion equation of Bloch waves is also given. The special case of even symmetry is further discussed. In Section 3, several test cases and numerical examples are given. Finally, conclusions are made in Section 4.
FORMULATION
A. TE Polarization Consider a one-dimensional isotropic, lossless, and nonmagnetic inhomogeneous structure, shown in Fig. 1 . The equation that models the propagation of a TE-polarized wave in such a medium is given by
where A͑x͒ represents the amplitude of the tangential electric field, i.e., E y ͑x͒, and k x ͑x͒, the wavenumber in the x direction, is defined as k x ͑x͒ = ±͓k 0 2 n 2 ͑x͒ − k z 2 ͔ 1/2 , in which k z and n͑x͒ are the wavenumber in the z direction and the index of refraction, respectively. For lossless media, either k x ͑x͒ or jk x ͑x͒ is real and positive with j = ͱ −1.
As per conventional DTMM, [18] [19] [20] the field variation is assumed to be
based on which the DTMM is established for finding the unknown functions A + ͑x͒ and A − ͑x͒. It should be noticed that although the DTMM formulation does not result in exact analytical solution, the results of this method are still in excellent agreement with the exact solution for several different cases. 18, 19 However, there are still some cases where this method does not yield an acceptable accuracy. More recently, a modified differential-transfermatrix method (MDTMM) is established based on the field variation given by 
where
where k x
Ј͑x͒ represents the derivative of the function k x ͑x͒ with respect to x. Here, the matrix U TE ͑x͒ is referred to as the modified kernel based on phase correction or modified differential-transfer matrix of TE polarization. Numerical calculations needed for applying modified differentialtransfer matrices are less than those needed for the conventional DTMM. [18] [19] [20] 23 However, the aptitude of the given formulation can be considerably augmented by reshaping the unknown functions A + ͑x͒ and A − ͑x͒, in terms of which the amplitude of the tangential electric field is expanded. This new formulation, in accordance with the Wentzel-Kramers-Brillouin (WKB) solution, reads as follows:
which results in an off-diagonal kernel, used in Eq. (4), of the following form:
Interestingly, the overall transfer matrix, being calculated in Subsection 2.C, can be analytically derived by using this kernel matrix, because its diagonal components are zero.
B. TM Polarization
The corresponding equation governing the propagation of TM-polarized waves in a one-dimensional inhomogeneous lossless and nonmagnetic medium is given by 1 Fig. 1 . Illustration of a one-dimensional, lossless, and nonmagnetic inhomogeneous medium.
where A͑x͒ represents the amplitude of the tangential magnetic field, i.e., H y ͑x͒. Using the field variation given in Eq. (3) and following the same approach already employed for TE-polarized waves, the modified differentialtransfer matrix for TM-polarized waves can be established as
where k x Ј͑x͒ and nЈ͑x͒ represent the derivatives of the functions k x ͑x͒ and n͑x͒ with respect to x, respectively. Similarly, the matrix U TM ͑x͒ is referred to as the modified kernel based on the phase correction or the modified differential-transfer matrix of TM polarization. Again, comparing this matrix with the corresponding matrix obtained for the conventional DTMM 19, 20 shows the smaller number of terms appearing in the introduced kernel matrix. Similarly, the aptitude of the given formulation can be enhanced by reshaping the unknown functions A + ͑x͒ and A − ͑x͒, in terms of which the amplitude of the tangential magnetic field is expanded. It should be noticed that this new formulation, though similar to the WKB solution, is different from the expansion already proposed for TE-polarized waves, where the amplitude modulation of A + ͑x͒ and A − ͑x͒ is now changed from 1 / ͱk͑x͒ to n͑x͒ / ͱk͑x͒:
͑11͒
Again, this results in an off-diagonal kernel, used in Eq. (9), of the following form:
whose corresponding overall transfer matrix, to be calculated in Subsection 2.C, can be analytically derived because its diagonal components are zero.
C. Calculation of the Transfer Matrix
The numerical solutions of Eq. (4) for TE-polarized waves and Eq. (9) for TM-polarized waves [25] [26] [27] yield a solution of the following form:
͑13͒
Here Q x 1 →x 2 , which is referred to as the transfer matrix from x 1 to x 2 , can be calculated by the Dyson's perturbation theory. 23, [28] [29] [30] [31] However, an approximate yet accurateenough solution of Q x 1 →x 2 is already proposed as [18] [19] [20] 23, 32 
in which exp͑M͒ is defined as
where the matrix U͑x͒ in Eq. (14) corresponds to U TE and U TM for TE-polarized and TM-polarized waves, respectively. However, using the off-diagonal kernel matrices in Eqs. (7) and (12) 
in which f͑x͒ corresponds to f TE ͑x͒ and f TM ͑x͒ for TEpolarized and TM-polarized waves, respectively. It should be noticed that in spite of inaccuracy imposed by proposing the solution of the form of Eq. (14), the results are still in reasonable agreement with the exact solution in many cases, which are discussed in Section 3.
It can be shown that our modified differential-transfer matrix holds the following properties already preserved by a conventional differential-transfer matrix for any set of points x 1 , x 2 , and x 3 :
where c = k x ͑x 1 ͒ / k x ͑x 2 ͒ when the kernel matrices based on phase correction, i.e., either Eqs. (5) or (10) are considered, and c = 1 when the off-diagonal kernel matrices, i.e., either Eqs. (7) or (12) 
͑18d͒
D. Physical Insight behind the Proposed Method
When the refractive index profile is constant, the electromagnetic solution is the well-known plane-wave function that, aside from being a constant factor, reads as exp͓±j͑x͔͒, when ͑x͒ = k x x and k x is the wavenumber in the x direction. This solution is no longer valid for inhomogeneous structures whose refractive index profiles are nonconstant; nevertheless, the preceding form may be considered as a first-order approximation whose phase variation ͑x͒, in accordance with the WKB solution and Feynman's path integral, is ͐ 0 x k x ͑xЈ͒dxЈ. This conforms to the phase correction committed on field variation in Eq. (2) (2) and (3)].
E. Periodic Structures
Here, we consider an infinite periodic structure and find its governing band-structure formula. Assuming the periodicity of L, one has k x ͑x + L͒ = k x ͑x͒. Therefore the solutions are given according to the Floquet theorem:
where A͑x͒ is a function representing field variation, assumed to be either a TE field, i.e., E y for TE-polarized waves, or a TM field, i.e., H y for TM-polarized waves. It should be noticed that the envelope function ⌽ ͑x͒ is also a periodic function according to the well-known Floquet theorem, and one can write down
Comparing Eq. (19) to Eqs. (3) and (6), or (11) and using the periodicity of the envelope function ⌽ ͑x͒, n͑x͒ and k x ͑x͒ result in
On the other hand, one has
For these two equations to have nontrivial solutions, the following equation should be satisfied: 21 , and are respectively given in Eqs. (17a), (17b), and (5b). Furthermore, f 1 = 1 for TE polarization, whereas f 1 = n͑L͒ / n͑0͒ for TM polarization.
F. Even Symmetry
The overall transfer matrix of inhomogeneous structures under the special case of even symmetry can be further simplified. Here, the modified kernels based on phase corrections, i.e., Eq. (5) for TE-polarized waves and Eq. (10) for TM-polarized waves, in addition to off-diagonal kernels, i.e., Eq. (7) for TE-polarized waves and Eq. (12) for TM-polarized waves, are separately considered.
Modified Kernels Based on Phase Corrections
Under the special case of even symmetry in the interval of 
in which the m ij terms are elements of the M matrix defined in Eq. (14) . Consequently, the transfer matrix Q −L/2→L/2 = exp͑M͒ can be analytically calculated as
͑29͒
Under the same condition, the TM case, i.e., the case of Eq. (10), can be similarly simplified to the form given in Eq. (28) . The only difference is that m is now given by
͑30͒
Considering the necessary shift of coordinate system, applying the simplified transfer matrix [Eq. (28)], and adopting the band structure formula [Eq. (25) ], one can verify the following equation giving the allowed values of Bloch wavenumber at each specific frequency:
͑31͒
where N = ͑k z / k 0 ͒.
Off-Diagonal Kernels
In this case, one can use Eq. (26) and easily show that this equation reduces to Eq. (31), where m is obtained by Eqs. (29) and (30) for TE and TM polarizations, respectively.
NUMERICAL EXAMPLES
Conventional DTMM is already used for obtaining the band structure of different one-dimensional photonic crystals. [18] [19] [20] However, the obtained frequency gaps do not satisfy the well-known Bragg condition predicting the location of the center of each bandgap. In this section, this flaw will be illustrated and the corrected result corresponding to one of the cases represented in Ref. 20 will be given. The final results are also justified by either employing a conventional transfer-matrix method or comparing with the exact analytical solution wherever such an exact solution is available. In correspondence with Fig. 1 , it is assumed that x 2 − x 1 = L, and k max = ͑ / L͒. Consider a one-dimensional photonic crystal with the sawtooth profile of refractive index shown in the inset of Fig. 2 . The same case is also considered in Ref. 20 . Here, the band structure of this system illuminated by a normal incident wave is obtained by following the exact method, 1 conventional DTMM, and the proposed approach based on the off-diagonal kernel matrices, i.e., Eq. (26). The accuracy of each differential method is reasonable near low frequencies but becomes worse near the first forbidden bandgap, even though the proposed approach shows a better accuracy compared with the conventional DTMM. However, the accuracy of each approach is improved at higher frequencies.
As another example we consider a unit cell whose refractive index profile is given by
where n 0 and n s correspond to the dielectric refractive index at the beginning and at the end of the unit cell, respectively; L is the length of the unit cell; and m is referred to as the order of this function. This profile is shown in Fig. 3 for two different values of m. It can be easily seen that larger value of m causes steeper variation of the refractive index profile. This structure is analyzed in the case of low contrast, having the refractive indices of n 0 = 2.8 and n s = 3.5, and in the case of high contrast, hav- In all these cases, the conventional transfer-matrix method is used instead of the exact method, simply because the exact solution is not available for these cases. To further verify the results shown in Figs. 2, 4 , and 5, the effective index method 33 is employed in the wellknown Bragg formula for obtaining the place of forbidden normalized frequencies at L / = m / ͑2n eff cos eff ͒. The results are summarized in Table 1 , where an excellent (32) with the values of m =1, n 0 = 1, and n s = 4 being illuminated by a normal incident wave is further investigated at two different regimes, where the superiority of the presented approach is demonstrated in Fig. 6 . Here, the transfer-matrix method having 100 sublayers at each unit cell is employed. Even though such a method gives accurate-enough results at longer wavelengths, it fails to reach the exact solution at shorter wavelengths.
To prove the accuracy of the presented method for the refractive index profiles of harsher variations, a chirped refractive index profile shown in the inset of Fig. 7 is analyzed by applying different methods. Higher bands corresponding to shorter wavelengths are shown in Fig. 7 , where the proposed approach is accurate enough to overtake the transfer-matrix method, even though the conventional DTMM fails to predict the due behavior at each bandgap.
The accuracy of the analytical formula given in Eq. (31) is also shown by analyzing the refractive index profile shown in the inset of Fig. 8 . Obtained results are shown at angle of incidence of / 6 and are depicted in Fig. 8 .
Finally, the normalized group velocity of the Bloch waves corresponding to the structure already analyzed in Fig. 5(d) is calculated by employing the transfer-matrix method, the conventional DTMM, and the proposed method in Fig. 9 , where the greater accuracy of our proposed approach compared to that of conventional DTMM approach can be easily observed. It should be noticed that normalized group velocity of electromagnetic wave propagation is defined as ͓ group / ͑2n eff phase ͔͒, where group and phase correspond to group and phase velocities, respectively. As expected from the general behavior of electromagnetic wave propagation at periodic media, group velocity and phase velocity are identical at long wavelength, whereas normalized group velocity is equal to ͓1/͑2n eff ͔͒ = 0.3641. However, as the frequency is increased, the group velocity gradually reduces until it finally drops to zero at the edge of the first Brillouin zone at L = , where the propagating mode becomes evanescent. At the upper edge of the first forbidden gap, the absolute value of group velocity gradually increases to a maximum and again decreases to zero just before entering the second forbidden gap. It should be noticed that dispersion-free refractive index profile is assumed for this calculation. It should also be noticed that the presented numerical results were obtained by following the modified kernels based on phase corrections, i.e., Eqs. (5) and (10) are not considerably different from those obtained by analytical formula (26) , which is resulted by following our proposed off-diagonal kernels, i.e., Eqs. (7) and (12) . The maximum relative difference between those two sets of results is at most 10 −3 percent.
CONCLUSIONS
The conventional DTMM has been modified in this paper to find the governing dispersion equation of onedimensional photonic crystals having an arbitrary refractive index profile. This modification has been committed on both the phase and the amplitude of functions in terms of which tangential electromagnetic fields are expanded. It should be noticed that the due phase and amplitude variations of electromagnetic fields were already overlooked in the conventional formulation. Different test cases corresponding to high contrast, low contrast, gradual, and steep refractive index profiles were considered and discussed. The final results were justified either by employing conventional transfer matrix method or by comparing with an exact analytical solution wherever such an exact solution was available. It should be noticed that even though the transfer-matrix method can yield accurate results at the expense of heavy calculations and lower speed, especially at shorter wavelengths, the fast and analytical approach presented in this manuscript surpasses the transfer-matrix method and other numerical methods in optimization and inverse problems. The effective index method was also employed to double check the forbidden normalized frequencies in agreement with the well-known Bragg condition. The superiority of the presented method over the conventional DTMM was also proved by considering the refractive index profile of harsher variations and by analysis of band structures at shorter wavelengths. Finally, the group velocities of Bloch waves were depicted for a special test case in which the greater accuracy of our presented method compared with the conventional DTMM was demonstrated.
